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Abstract Denote by G = U(p, q) the orthogonal group of the sesqui-linear quadratic form
[x, y] = x1 y1 +· · · x p y p − x p+1 y p+1 −· · ·− x p+q y p+q on Cp+q and let H1 = U(p−1, q)
be the stabilizer of the first unit vector e1. Let H0 = U(1) and set H = H0 × H1. Define
the character χl of H by χl(h) = χl(h0h1) = hl0 (h0 ∈ H0, h1 ∈ H1) where l ∈ Z. Define
the anti-involution σ on G by σ(g) = g−1. In this note we show that any distribution T
on G satisfying T (h1gh2) = χl(h1h2) T (g) (g ∈ G; h1, h2 ∈ H) is invariant under the
anti-involution σ . This result implies that (G, H1) is a generalized Gelfand pair.
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1 Introduction
Let G = U(p, q) be the orthogonal group of the sesqui-linear quadratic form on Cn (n =
p + q) given by
[x, y] = x1 y1 + · · · x p y p − x p+1 y p+1 − · · · − x p+q y p+q ,
and let H1  U(p −1, q) be the stabilizer in G of the first unit vector e1 of Cn . We are going
to show:
Theorem 1 The pair (G, H1) is a generalized Gelfand pair.
Let us recall the definition of generalized Gelfand pair [6]. Let (π, H) be any irreducible
unitary representation of G on the Hilbert space H. Then (G, H1) is said to be a general-
ized Gelfand pair if dim HH1−∞ ≤ 1. Here HH1−∞ is the space of H1-fixed vectors in H−∞,
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the (continuous) dual of the space H∞ of C∞-vectors. Equivalently one has: any unitary
representation of G which can be realized on the space D′(G/H1) of distributions on G/H1
decomposes multiplicity free.
In [1] another definition of Gelfand pair is used: for any irreducible admissible smooth
Fréchet representation (π, E) of G one has E H1 is at most one-dimensional. It has been
confirmed by the authors that our results imply that the pair (G, H1) is even a Gelfand pair
in the sense of [1].
Theorem 1 is certainly true for p = 1, the Riemannian case. However in this case a
much stronger result holds: any irreducible unitary representation of G decomposes, when
restricted to the compact subgroup H1, multiplicity free. This was proved by Koornwinder
in [4] using a criterion which reads as follows: any continuous function F on G satisfying
F(h1gh−11 ) = F(g) for all g ∈ G, h1 ∈ H1  U(q), is invariant under the anti-involution
σ of G defined by σ(g) = g−1 (g ∈ G).
2 A criterion
We shall formulate here a criterion (Theorem 2) which implies Theorem 1.







with h0 ∈ H0, h1 ∈ H1 Define the character χl of H by χl(h) = hl0, l ∈ Z.
Let us denote by d(θ) the diagonal matrix in G with entries eiθ (θ ∈ R). Clearly d(θ)
belongs to the center of G,
If (π, H) is an irreducible unitary representation then by Schur’s Lemma π(d(θ)) acts as
a scalar, say eilθ . Therefore the vectors in HH1−∞ transform in the same way under π−∞(d(θ)).
This leads to the following criterion.
Theorem 2 Let l ∈ Z be fixed. Any distribution T on G satisfying
T (h1gh2) = χl(h1h2) T (g) (g ∈ G; h1, h2 ∈ H)
is invariant under the anti-involution of G defined by σ(g) = g−1.
This theorem implies Theorem 1, see [5].
3 Proof of Theorem 2
The idea of the proof was laid down in [2].
Let X1 be the space defined by
X1 = {x ∈ Cn : [x, x] = 1}.
Then X1  G/H1, the isomorphism being given by p1 : g → g · e1 (g ∈ G), where e1 is the
first standard unit vector in Cn .
Let D(X1) denote the space of complex-valued C∞-functions on X1 with compact sup-
port. The left G-action on X1 induces a representation U of G on D(X1) and by inverse
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transposition a representation U of G on D′(X1). We define
D′(X1, l) = {T ∈ D′(X1) : Uh T = χl(h)T (h ∈ H)}.
This space is naturally isomorphic to the space considered in Theorem 2, the space of distri-
butions T on G that satisfy the (formal) transformation rule
T (h1gh2) = χl(h1h2)T (g) (g ∈ G; h1, h2 ∈ H).
Let us introduce a map ξ which describes the H1-orbits on X1. Let x1 be the first coordinate of
x ∈ X1. Consider the map ξ : X1 → C given by ξ(x) = x1. It has the following properties:
• ξ is H1-invariant,
• ξ is real analytic,
• ξ(x) = t (t ∈ C) is an H1-orbit on X1 if t t = 1,
• ξ has no critical values: rank d(ξ(x) = 2 of t t = 1, rank dξ(x) = 1 if t t = 1.
Moreover we define Q : X1 → [0, ∞) by
Q(x) = |ξ |2.
We define also the following open subsets of X1:
X01 = {x ∈ X1 : Q(x) < 1}
X11 = {x ∈ X1 : Q(x) > 0}.
The map Q is left H -invariant, hence both sets are. Therefore we may define for j = 0, 1
D′(X j1 , l) = {T ∈ D′(X j1 ) : Uh T = χl(h)T (h ∈ H)}.
Since X01 ∪ X11 = X1, the map T → (T |X01 , T |X11 ) defines a linear bijection from D
′(X1, l)
onto the set of pairs (T0, T1) ∈ D′(X01, l) × D′(X11, l) satisfying the matching condition
T0|X01∩X11 = T1|X01∩X11 .
We shall study such pairs of distributions. It is sufficient to study the subspaces D′(X j1 , l)
separately, since X j1 ( j = 0, 1) are clearly σ -invariant.
The spaces are treated with different methods. We first deal with the space D′(X11, l) and
use the now classical method of Faraut [3] with applying Tengstrand’s results. For this pur-
pose we introduce the space X = X1/ ∼ where points x and y are identified if x = λy with
λ ∈ C, |λ| = 1. Let x → x˜ be the natural projection of X1 onto X . Observe that X  G/H .
Set p(g) = p˜1(g) (g ∈ G). Clearly Q is well-defined on X . In addition the point e˜1 is an
isolated non-degenerate critical point of Q on X . Set X1 = X˜11. Notice that the map ξ does
not vanish on X11. Therefore one readily sees that multiplication by ξ l induces a bijection
D′(X1)H → D′(X11, l). Here D′(X1)H denotes the space of H -invariant distribution on X1.
We have the following results. There is a map M : f → M f which is surjective from D(X1)
onto a space Hη, defined by
M f (t) =
∫
X
f (x) δ(Q(x) − t) dx
where dx is a G-invariant measure measure on X . One calls M f (t) the average of f over
the surface Q(x) = t . The space Hη consists of functions ϕ on (0,∞) of the form
ϕ(t) = ϕ0(t) + η(t)ϕ1(t)
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with ϕ0, ϕ1 ∈ D((0,∞)) and η the “singularity function”
η(t) = Y (1 − t) (1 − t)n−2
with Y the Heaviside function: Y (t) = 1 of t ≥ 0, Y (t) = 0 if t < 0.
Moreover, the transpose M ′ of M is injective from H′η to D′(X1) with image D′(X1)H .
From this we conclude that any bi-H -invariant distribution T on p−1(X1) ⊂ G satisfies
T = T σ . The proof is standard, see [5]. For convenience we repeat the argument here.




f (gh) dh (x = p(g) ∈ X).
Given a bi-H -invariant distribution T on p−1(X1) ⊂ G there is a unique H -invariant distri-
bution T1 on X1 satisfying 〈T, f 〉 = 〈T1, f 0〉 ( f ∈ D(p−1(X1))), and conversely. Extend
the function Q from X to G by Q(g) = |[g · e1, e1]|2. To show that T is σ -invariant, it is
sufficient to show that
M[( f σ )0] = M f 0




F(t) M[( f σ )0](t) dt =
∫
X1




F(Q(g)) f σ (g) dg =
∫
G
F(Q(σ (g))) f (g) dg.
Since Q(g) = Q(σ (g)) (g ∈ G) we get the result.
Since the function ξ , extended to G by
ξ(g) = [g · e1, e1],
is also σ -invariant, we get that any distribution T on p−11 (X11) satisfying
T (h1gh2) = χl(h1h2)T (g) (g ∈ G; h1, h2 ∈ H)
is σ -invariant.
We now consider the other space D′(X01, l). Here we use the map ξ . Recall that ξ is a
submersion from X01 onto U = {z ∈ C ; |z| < 1}. Its level sets are H1-orbits on X01. So we
have the following lemma.
Lemma 1 The natural pull-back map
ξ∗ : D′(U ) → D′(X01)
is injective with image D′(X01)H1 .
It is now easy to show, as before, that any distribution T on p−1(X01) ⊂ G satisfying
T (h1gh2) = χl(h1h2)T (g) (g ∈ G; h1, h2 ∈ H)
is again σ -invariant, since ξ (extended to G) is.
This completes the proof of Theorem 2.
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